We recently proposed the binary interaction approximation (BIA) to N-body problems, which, in principle, excludes the interparticle force evaluation if the exact solutions are known for the corresponding two-body problems such as the Coulombic and gravitational interactions. In this article, a detailed introduction to the BIA is given, including the error analysis to give the expressions for the approximation error in the total angular momentum and the total energy of the entire system. It is shown that, although the energy conservation of the BIA scheme is worse than the 4th order Hermite integrator (HMT4) for similar elapsed, or the wall-clock times, the individual errors in position and in velocity are much better than HMT4. The energy error correction scheme to the BIA is also introduced that does not deteriorates the individual errors in position and in velocity. It is suggested that the BIA scheme is applicable to the tree method, the particle-mesh (PM), and the particle-particle-particle-mesh (PPPM) schemes simply by replacing the force evaluation and the conventional time integrator with the BIA scheme.
Introduction 1
In an isolated N-body system, the equation of motion for the i-th particle at a 2 position r i with a momentum p i = m i u i is as follows:
where F i j = F i j (r i , r j ) stands for the interparticle force on the i-th particle due to 4 j-th particle at a position r j .
5
When N ≥ 3, it is well known that no exact/analytical solution can be obtained, 6 and one should be content with approximated solutions using one of numerical 7 integration methods. In principle, to arbitrary error levels the numerical solution 8 can be found [1] if one uses the arbitrary-precision arithmetic. However, it is 
13
In order to reduce the CPU time, efforts have been made to use parallel com-14 puters, and/or to develop special purpose hardware to calculate interparticle forces, 15 e.g. the GRAvity PipE (GRAPE) project [2] , [3] .
16
The efficient and fast algorithms to calculate inter-particle forces include the 
BIA: Binary Interaction Approximation to N-body problems

32
As shown in Fig. 1 which depicts the relative motion of the particle pair i where G is the gravitational constant. , a typical velocity change ∆g in the relative velocity is given
since, on the average, b for a test particle is ⟨b⟩ ∼ ∆ℓ against its closest field 44 particle and ϵ ≡ b 0 /∆ℓ ∼ χ where ∆ℓ is the average interparticle separation.
45
In N-body systems with ϵ ≪ 1, such as the fusion plasmas, Eq. (2) 
during a time interval of ∆t, where r i j = r i − r j stands for the relative position, 55 g i j = u i − u j the relative velocity, and µ i j = m i m j /(m i + m j ) the reduced mass.
56
The equation of relative motion for the charged particle pair (i, j) in an N-body 57 system used by the binary interaction approximation, the BIA, is
In the BIA scheme, the above equation is integrated numerically or analytically,
59
completely ignoring the other particles, from t = 0 to t = ∆t to give ∆r i j ≡ Relative motion of the BIA scheme for the particle pair of (i, j) in their orbital plane. The exact motion is along the curved line (in red). If there is no interaction, the change in position is g i j ∆t during a time interval of ∆t.
for i = 1, 2, · · · , N. Hereafter we will use the notations r i , 
and similarly Eq. (7) becomes in the same limit as The total linear momentum
is kept constant with the BIA scheme for arbitrary time interval ∆t, since, from
83
Eq. (7) and by definition µ i j = µ ji ,
Similarly, the change in the center of mass position of the entire system in the
85
BIA scheme
is also exact as follows; by noting δr i j ≡ ∆r i j − g i j ∆t in Eq. (6), we have
where 
since δr ji = −δr i j by definition.
91
Other invariants of the N-body system, such as the total angular momentum
and the total energy
include approximation errors in principle, even though corresponding errors for 94 each binary system are all zero, i.e.,
and
As will be derived in Appendix A, the approximation errors in the total angular 97 momentum ∆L and in the total energy ∆E in the BIA scheme are respectively
98
given by
where δr i j , δĝ i j , and δÛ i j have been defined as
Both ∆L and ∆E are of the order of ϵ 2 , which is the result of three-or-more-body 
Test Calculations
115
In order to show the usefulness of the BIA to N-body problems with a wide 
Test Calculation I: dilute gas plasma
121
We will apply the BIA scheme to a high temperature, low density ions of the 122 same species; T = 10 keV and n = 10 20 m −3 , which can be found in typical fusion 123 plasmas. In this case the nondimensional parameter ϵ ∼ 3 × 10 −7 ≪ 1. distribution function at the time t = 0 is assumed to be uniform with the average particle distance being ∆ℓ, and the velocity distribution function also be uniform 134 with the average relative speed being the thermal speed of g th .
135
A 1332-body system is integrated for a time interval ∆t = ∆ℓ/g th . 
where
are the changes in position and velocity of ith electron due solely to E, i.e. the Plummer radius δ: 
defines the error in position for the BIA, since 5th order RKF is the most accurate 173 scheme among the schemes used in this study. 
which leads to vanishing energy error ∆E ′ , since
The top-left of Fig. 6 shows that the total wall-clock time of the BIA is set sim- 
Discussion and Conclusions
210
The error analysis of the binary interaction approximation (BIA) to the N-211 body problems was made to give the expressions for errors in the total angular 212 momentum, and the total energy of the N-body system.
213
The BIA scheme is applied to two-and three-dimensional Coulombic and energy conservation is greatly improved by introducing the energy error correc-218 tion scheme without deteriorating the individual errors in position and in velocity.
219
The numerical results presented here are for low density and high temperature gas 220 plasma, i.e. ϵ ≪ 1, which is the most appropriate for the BIA, as well as the 221 gravitational N-body systems with 2K + U = 0.
222
It should be noted that the BIA scheme is applicable to the tree method, the 223 PPPM, in both of which distant particles from the particle under consideration are 224 combined into one super particle or distributed potential source within a mesh (or 225 a point source at a grid point), and neighboring particles are treated as they are.
226
In the BIA such super particles and distributed potential sources are treated as ∆t. The rest of the particles in the system belong to the meshes in gray, and each 236 mesh has its own mass or charge distribution ρ j (r), from which the remaining 237 forces on particle-i are evaluated and summed to give the total force F i on particle-238 i in the conventional PPPM, while ∆r i j and ∆g i j due to ρ j (r) are summed to give 239 ∆r i and ∆u i in the PPPM-BIA.
240
In conclusion, given the particle positions in each mesh as in Fig. 7 , the PPPM-
241
BIA scheme is easily applied to the N-body system, by simply replacing the con- [13] used the general purpose graphics processing unit (GPGPU).
250
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where the first term ∆L RG includes individual center of mass quantities of R i j and
299
G i j , and the second term ∆L rg does not.
where use was made of m 
The total energy is given by:
Noting that r i j (∆t) = r i j + ∆r i − ∆r j , we have
The change in the total energy ∆K is
where the first term including the mass velocity G i j for the pair i j is
whereas the second term not including G i j is 
